We are presenting a method for computing the Fourier coefficients of a given polynomial regression by using the trapezoidal rule for numerical integration. As function basis we use the orthogonal Legendre polynomials. The results are accurate and stable compared to Forsythe's method.
Polynomial regression
The polynomial regression technique is based on the OLS computation of the coefficients in the formal truncated series expansion of degree m
2 ) , i = 1, 2, . . . , n (1) or in matrix form
which has the well known OLS solution which is given by the pseudo-inverse Moore-Penrose matrix after [4] and [5] β = X ′ X −1
The problem is that matrix X ′ X can be proved, that for equidistant x i , see [2] , [6] and for increasing n is approximately the Hilbert matrix, one of the most famous ill-conditioned matrices. Early computations, see [3] has sown that only for a degree up to 10 we could have satisfactory outputs. Although the situation has been better now due to arbitrary precision arithmetic computations, the computational effort is still big enough. If we manage to diagonalize X ′ X then our task is much more easy computationally. This process has been done by Forsythe, see [2] & [3] , where a recursive method for defining orthogonal polynomials was introduced. The concept of polynomial orthogonality there had the sense of discrete orthogonality, i.e. two polynomial φ k (x), φ l (x) are said to be orthogonal over a set of abscissae {x 1 , x 2 , . . . , x n } if the next vanishing equation holds
This is nothing else than the zero common Euclidean real inner product
By using this procedure instead of directly computing β coefficients of 1 we compute the coefficients of next truncated series
or in matrix form
where the design matrix is
Our coefficients are now simply the well known Fourier coefficients
If we take orthonormal polynomials, see [7] , i.e. if it holds that
then Φ ′ Φ = I m+1 and the coefficients are simply
The concept of orthogonality or orthonormality is a linear algebraic term and is independent of the chosen function basis representation. It is an elementary exercise, see [1] page 61, that starting from the linearly independent set of monomials x i , i = 0, 1, 2, . . . , m, ∀m ∈ ℵ and by using GramSchmidt orthonormalisation process we can end to the normalised Legendre polynomials
The above polynomials are orthonormal in the interval [−1, 1]
Now we can expand every function in a Legendre series expansion
with the Fourier coefficients given by
If we follow the guides of [6] and make the linear transformation
in order to convert our initial range [a, b] to the [−1, 1], where many orthogonal polynomials are defined, then the Forsythe polynomials are just a scale version of Legendre polynomials. So, the norm we have chosen does not play any other role except for the simplicity of computations. If we choose the l 2 norm, then we can proceed like Forsythe and construct a set of orthogonal polynomials for solving our polynomial regression problem. The discrete case is
It is obvious to think about computing the Fourier coefficients 15 by a numerical approximation of the relevant integral. For the equidistant case with x j+1 − x j = 1 we have that
Now we have approximated the integral via the orthogonal rule. We can also use trapezoidal method in order to increase the accuracy. By comparing 18 and 11 we see that the latter is just the left orthogonal Riemannian approximation for the continuous case 15. If we had use the simple Legendre polynomials P k (x) then our coefficients could be
For the equidistant case x j+1 − xj = h we have that
which is just 9 for Fourier coefficients.
Trapezoidal estimation of Fourier coefficients
Our task is to compute the integrals of our Fourier coefficients, 18 for normalised or 19 for simple orthogonal polynomials by using the trapezoidal rule of numerical integration. We shall constraint in the equidistant case, since we have closed formulas using less arithmetic operations. For the case of simple orthogonal polynomials we have that
If we use orthonormal polynomials we have the estimation
The total sum of squares is almost identical for the two cases and for the simple OLS regression by mean of 3 with X = Φ.
A numerical example
Let us consider the known function:
at an equal spaced grid x i , i = 0, . . . , 628. The graph of the function is presented in Figure 1 . This function is a smooth function, f ∈ C ∞ , it has 6 local maxima and 5 local minima inside the interval [−π, π]. It is a rather complicated function, for example it has one local minimum and maximum in the small interval [−1, −0.5], so the task of recovering this shape is difficult. By using floating point arithmetic with 32 digits of accuracy we can obtain the next Taylor polynomial of 30 th degree Although the above polynomial is not identical to the initial function outside approximately the interval [−1.5, 1.5] it is a representation that carries a lot of information about the function since it can give the derivatives until the 30 th order. So, our task is (i) to recover as many as possible coefficients of the above series expansion and (ii) to approximate the functional data with the smallest possible error. In order to avoid multicollinearity problems due to lower accuracy we are using 32 digits in our arithmetic operations and we are transforming to the interval [−1, 1] both x i & y i data. After finishing our coefficient computations we are performing the inverse T 2 -transform and return to our initial data scale.
Results are presented at Table 1 while the sum of squares for both cases, the transformed to [−1, 1] and the initial, are given at Table 2 .
The relevant plots of all Legendre series are indistinguishable from the original data, see Figure 2 .
As a benchmark to our effort we shall compare our results with those obtained by using [2] method as has been implemented in FORTRAN 90 by [8] . We find that under double precision arithmetic, i.e. with 16 digits accuracy, the solution divergences very fast from the true series expansion. The [2] polynomial coefficients after inverse transforming to the initial domain are presented at Table 3 .
Discussion
The times for computing the coefficients were P k (x), P k (x), P k OLS (x) = (16.895, 11.013, 24.820) CPU seconds in a typical Intel Core i5 CPU with 4 GB RAM memory and by using Maple program. We observe that the use of orthonormal polynomials is reducing the computational time. If we decrease our accuracy to 16 digits in order to be compatible with FOR-TRAN we obtain similar results, see Table 4 . Thus our methods still found converged and suitable outputs compared to the [2] orthogonal polynomial method. Table 2 : Total Sum of Squares Table 4 : Legendre coefficients for 16 digits accuracy 
